A discussion of the robustness properties of the proposed observer with respect to measurement errors is provided for the recently proposed full-order and reduced-order, hybrid, dead-beat observer for a class of nonlinear systems, linear in the unmeasured states.
Introduction
In the recent paper [3] we studied the possibility of designing hybrid dead-beat observers for nonlinear systems of the form: . It is assumed that the component of the state vector y , also known as the output, is available and that the remaining state component x is unmeasured and is to be estimated.
The results of [3] were exploited in the recent work [4] , where the design of hybrid dead-beat observers for chemostat models was studied.
The application dealing with the estimation of the frequency of a sinusoidal signal in [3] showed that the proposed hybrid dead-beat observer is robust with respect to high frequency noise. The results showed that the sensitivity to measurement noise decreases as the time horizon of the minimized 2 L norm increases, i.e., as the length of the history of the output which is utilized for the state estimation increases. This feature is expected and it is common to optimization-based observers. Motivated by these results, this short note is devoted to the study of the robustness properties of the proposed observer with respect to measurement errors. Proposition 3.1 implies that the difference of the state of system (1.1) and the observer state satisfies the Bounded-Input-Bounded-Output (BIBO) property (statement (a) of Proposition 3.1) and the Converging-Input-Converging-Output (CICO) property (statement (c) of Proposition 3.1) with the measurement error as input, under certain hypotheses. The result is important, because the topic of the robustness properties of observers for nonlinear systems is rarely studied by both numerical and theoretical tools.
Notations Throughout this note we adopt the following notations: 
Review of Hybrid Dead-Beat Observer Design
Consider an autonomous system described by ordinary differential equations of the form:
is a non-empty closed set and the mapping
is locally Lipschitz. The output of system (2.1) is given by
where the mapping
is continuous. For system (2.1) we adopt the following notion of observability. We assume that for every 
We 
with initial condition
, where I denotes the identity matrix. Similarly, ) ; , , ( :
can be computed by solving the linear system of differential equations
can be utilized to provide the quantities
The Under the following hypothesis for system (1.1):
proposition 2.3 in [3] shows that we can define the operator:
is the transition matrix of the linear system 
Therefore, if hypothesis (H1) holds for system (1.1), then we are in a position to provide a hybrid, dead-beat observer for system (1.1). Given
by the following algorithm:
Step 
is the operator defined by (2.16).
The proposed observer can be represented by the following system of equations: 
If hypothesis (H2) holds, then we can design a reduced-order, hybrid, dead-beat observer for system (1.1) of the form: 
is the operator defined by (2.16). 
Corollary 2.11 in [3]: Consider system (1.1) and assume that hypotheses (H1), (H2) hold. Consider the unique solution
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Robustness Issues
In this section, we discuss the robustness properties of the proposed observer. We focus on the case where both hypotheses (H1), (H2) are satisfied with
(although the same discussion can be applied to systems satisfying only hypothesis (H1)). It should be noted that a systematic study of the robustness properties of observers for nonlinear systems is rare and the topic is completely "untouched".
Most specifically, we study the robustness properties of the proposed observer subject to measurement errors. By measurement error we mean a measurable and locally essentially bounded input
which corrupts the output values that are fed to the observer, i.e., the observer is described by the equations: , the unique solution
is completely continuous with respect to
for every pair of bounded sets
is bounded and for every
Hypothesis (R1) imposes restrictions on the dynamic behavior of system (1.1). On the other hand, hypothesis (R2) is a continuity hypothesis which can be guaranteed easily for certain cases. A case where hypothesis (R2) holds is the case where for every pair of bounded sets )
where
is the transition matrix of the linear system
. This reminds the case of uniform observability of linear time-varying systems (see [2] ).
Another thing that should be noted here is that the estimation of the state of system (1.1) under hypothesis (R1) cannot be performed in general by means of a high-gain observer (see [1] ). Indeed, although the subsystem
is globally Lipschitz when (R1) holds and a bounded input ) ; ( U u + ∞ ℜ ∈L is applied, we are not aware of the Lipschitz constant of the system (since we do not assume knowledge of Using hypotheses (R1), (R2), we are in a position to show the following robustness result. for every 
be given and consider the solution , which was studied in Example 2.12 in [3] . Here, we assume that hypothesis (R1) holds for system (3.6) and that 0 ) ( > y c for all ℜ ∈ y . Therefore, hypothesis (H3) in [3] holds automatically and the reader can verify that hypothesis (R2) holds for the mapping ) , ( 
